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It is shown that the method of Dirac is an effective way of teaching three-particle
symmetry classifications to students in the first-year quantum mechanics class, who
wish to understand the symmetry propertics associated with elementary particles

before or without learning group theory. According to the method spelled out for the
N -particle case by Dirac in Secs. 55 and 56 of his classic book Principles of Quantum
Mechanics, explicit calculations are carried out for three particles. It is shown that this
method leads to the three-particle wave functions and their symmetric combinations
as given by Feynman et af. In the following paper, the general principles derived here

are applied to the quark model of hadrons.

I INTRODUCTION

In a previous paper by two of us,' we discussed the pos-
sihility of introducing basic high-energy hadronic properlies
in the first-year quantum mechanics course, without using
the technigues of quantum feld theory, At that time, we
emphasized that this is now possible because there exists
a simple theoretical model for this purpose, and becuuse it
is not yel clear whether the field theoretical approach is
suitable for understanding relativistic bound-state prob-
lems,

Omne of the busic hadronic features is the resonance miss
spectrum, 1t 1s now widely believed that baryons are haund
states of thres quarks, and that mesons consist of a quark
and an antiguark. At present, bath the meson and baryon
mass spectra are consistent with energy level calculations
based on nonrelativistic bound-state quantum mechanics.?
Because of its mathematical simplicity, the harmonic os-
cillator potential has been very useful for the caleulalion
of these mass spectra.

In addition to the potential governing forces between the
quarks, we have to know how to handle spins and unitary
spins in order 1o understand the perturbing forces which
remove the degeneracies in the energy spectrum caused by
the potential, The key problem in handling this degenerate
perturbation theory is to make proper linear combinations
ol wave functions which diaponalize the enerpy malrix. In
the case of mesons, it is a two-body problem and can be
handled by the methods available in standard textbooks on
quantum mechanics. For the baryons, we have Lo under-
stand the symmetry problem of three particles. This
three-body symmetry is casy for those who have had a
course in group theory, but it is not necessarily teivial for
students taking the first-year quantum mechanics
COMITHE.

Since the baryon consists of three quarks, we have to
consider an exchange degencracy, which is unalogous to the
case of many electrons. As Dirac pointed out clearly in Secs.
55 and 56 of his classic book on quantum mechanics,? the
Hamiltonian should be invariant under the exchange of
quarks, and physical states should therefore be eigenstates
of the permutation operators whose eigenvalues correspond
to constants of motion. 1t is by now a firmly established
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experimental law that the baryonic states are totally sym-
metric under the exchange of the constituent quarks. In the
present quark model, the quarks carry spin, unitary spin,
and spatial coordinate quantum numbers, The problem 1s
how to combine wave [unctions corresponding Lo these
guanium numbers to make the overall baryonic wave
function totally symmetric, In this connection, we note that
Feynman ef al.* gave a comprehensive calculational guide
Lo Lhis prablem, The purpose of the present paper is to show
Uhat the explicit caleulation lor the three-quark system given
in Rel. & can indeed serve as an excellent illustrative ex-
ample lor Dirac’s approach to many-particle symmetry
problems.

In Sec, 11, we carey out an explicil calculation for Lhres
particles following the procedure spelled aut by Dirac for
the general case. The permutation operators which com-
mute with the Hamiltonian and with one another have been
caonstructed and their eigenvalues are calculated. In Sec.
[11, we construct wave functions which are diagonal in the
permutation operators defined by Dirac. It is shown that
this methed leads to the three-guark wave functions given
by Feynman ef al.* Section 1V deals with the problem of
combining two symmetrized wave functions. It is shown
that the combination formula given by Feynman ef al. is
derivable from the treatment Dirac gives in his book,

In the lfollowing paper,® we use the results of Secs. [ and
|V to work outl the hadronic multiplets in the quark
muodel.

1. APPLICATION OF DIRAC'S TREATMENT
OF PERMUTATIONS TO THREE-PARTICLE
SYSTEMS

In Secs. 55 and 56 entitled “Permutations as Dynami-
cal Variables™ and “Permutations as Constants of Motion,”
respectively, Dirac clearly spelled out his vriginal ideas
about the dynamical roles permutations play in quantum
mechanics. The purpose of the present section is Lo work oul
4 concrete illustrative example which might be helpful in
understanding Dirac’s original treatment, We shall earry
out explicit caleulations for the three-particle system.

Let us consider three similar objects labeled as 1, 2, 3,
respectively, For this system, we can perlorm six permu-
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tations. First, there are three permutations of the form

{12), (23,  (31), (1

where cach number is replaced by the succeeding number
in the bracket, while the [irst one poes to the last position.
In addition, there are two permulations of the form

{123, (132). (2)

The above five permutations together with the identity form
the six permutations which can be performed on the three
objects. '

As Dirac did in his Eq. (13) of Sec. 53, we construct the
fallowing operators for the three-body system:

Xio=1
X =012+ (23) + (313143, (3)
Xa= 0123y +(132)]/2,
where [ is the identity operator, X can also be written as
Xy=[T+012)+ 023+ (31) 4+ (123) + (13D)] fa. {4)

The ahove operators commute with every permutation, and
therefore with one anather.

If theHamiltonian is invariant under permutations, the
above three X;'s can be simultancously diagonalized. The
next question is how to find eigenvaloes for these operators.
Here again, we follow the steps outlined by Dirac in his Eg.
(14) of Sec. 56, By explicit calculation, we drive

X?-:.Xh X|X;-=.-Y3, X|.—Y3=X_1..
Xi={X +2X30/3, XXy =Xs, {3)
X-}; =X + X}/

Following Dirac’s Bq. (15) of Sec. 56 for the general case,
we consider Lhe Tollowing arbitrary function of the X op-
erators®

B=X,+ X+ X3, (6)

Then
A= (1160 + 45 + (1976145 (7
B = (10/40%, + 13N+ (37/4)X {8

Beoause A is the identity operator, its cigenvalue s always
|, By climinating A and X5 Trom BEqs. (6)-(8), we arrive

al
Bi—(9/2)B2+ 58 — {3/2) =0, (9)

which is Dirac’s Eq. (16) of Sec. 56 for the “arbitrary™ #
given in Eg. (6). The above cubic equation has three
rools

#) =13, Bi= L Bi=1f2. (1)

We cun use each of these three numbers Lo calculate the
lefl-hand side of Egs. (6)-(8), which then become three
simultaneous lincar equations. The solutions to these linear
equations will indeed be the cipenvalues Tor the X operators.
They are given in Table 1, '

If the Hamiltonian js invariani under exchange of par-
ticles, one of the Mve poptrivial permutations can alse be
simultancousty diaponalized, because it commutes with X,
X, and Xa, Let us choose this particular permutation to
be
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Tuble I, Eigenvalues of &, X5 X5 and P, There are three different seis
aof the cigenvalues, resulting in three dilTerent symmetry elassifications.
The choice ol the 8 function in Bg, (6] was arbiteary, However, the ei-
penwsbues of the operators Xy, .., P are independent of the Torm af the

& [unction,
B Xy Xa Xy r Svmhbol
Hy | | | ] 5
fix | -] | =i A
i | 0 =142 1 ot
=23, (1

Ciher permulations which do not commute with the above
F cannot be simultancously diapanalized. Since P2 = [, the
aigenvalue of this operator has to be either +1 or —1. We
are interested here in how these eipenvalues are distributed
in Tahle 1. For this purpose, we introduce the operator £
delined as

Pr=3X.— P =(12)+{31) (12)
0or
P+ P =34, (13)

P and P satisfv also the relation
FP=12X5 (14

For the symmetry classification corresponding to 8, the
eigenmvilues already found, together with Eqs, (13) and (14),
allow only P = 1. For the B2 case, * = — 1, However, for the
1y case,

PHp=0,  PP=-—l, (15)

Finthis case can therefore have both values; +1 and —1.
These results arc given in Table 1.

[1l. CONSTRUCTION OF SYMMETRIZED
WAVE FUNCTIONS

Iaving achieved a general classiflication lor the sym-
melry states of three particles, we can now give an example
of 1his classification scheme by constructing u set of wave
functions which demonstrate it In 1his process, we shall
derive the wave funclions given by Feynman et al # in their
Appendix A

Suppose we have three particles which can be inany of
three quantum states x, v, and 2, with one particle in state
x, another in v, and another in .7 We can then write Lhe
peneral state for such a system as

wo=al|xyz)+blyxz) +o|xzy)
+ d|zvxy o flzxed + glyzxd, (16)

where a, b, ., ., g are the coe[Ticienls Lo be determined by
the symmetry property of the wave Tunction.
A state of classification 5 will obey

X = Apb =P = (17
Explicit caleulation shows that this reguires

a=h=c=d=Ff=p (18]
This will lead toa tolly symmetric wave Tunction those

explicit form 15 well known and 35 given in the paper of
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Feynman et al, If we want an A4 state, we must have —X s
= Xuf = —Pyf =, which resulls in

a=—b:—-¢'=-—d=_]l'-=g_ i'g}

This leads to a totally antisymmetrie wave fupction whaose
form is also well known,

If we want an oo state, we need Yok = 0, ¥ ol = =(1/21),
and MY = . These conditions will Tead 1o

a+i+g=0 d=j (20)

Henge, there are four equations and six unknowns, This
means that there will be a two-dimensional subspuce of the
e state, We can pick two linearly independent ev states us

=g

=0y

lehy = (1/24/3M|xpzd + yxzv) + |pxz) + |yzx)
= 2zapd = 2zexd], |ada = (120 a2
= |pzxd + |xzpd — |pxzi] (21)
The lirst e state is the one given by Feynman ef al., and Lhe
second 1s orthoponal to it
Lastly, for a 3 state, we want Yo =0, X = —(1 72},
and M = = This resulls in

atf+e=0 a= - d= =

23)

Here again, we have a two-dimensional subspace of possible
states. We can pick the first d state to be that given by
Feynman et al., and one orthogonal to it {o be Lhe second
3 state;

|83 = (/2 xpz) — |xzpd + \pxzd — | pzx ],
|89 = (=12 3| xpzy — lyxz) — |xzp)
T+ |pzxr 4 2 zpxd = 2 zxvd]. (2D)

We now have a complete set of six linearly independent
states which are contained in the four symmetry classih-
cations &, A, e, and 2.7

b= —g

¥, SYMMETRIZED PRODUCTS OF
SYMMETRIZED WAVE FUNCTIONS

As was stated in Sec. |, we have to combine spin, uni-
tury spin, and spatial wave functions Lo construct the totally
symmetric overall baryanic wave function.” For this pur-
pose, we consider in this section products of two symme-
trized three-particle stales and derive the relations lor the
products given by Feynman ef af. ¥ in their Eq. (AZ).

We are interested in a product of wave functions with
virlues in two separate spaces, for example, spin space and
unitary spin space. Our wave function will be of the form

|ab) = |a)|b}, (24)

where a and & represent quantum nombers in two sepurate
spaces, The state |ab) can be made to conform to the
symmetry classification scheme of Sec. 11, since all the
results of Secs. 11 and 111 were derived from the properties
of the operators X, X, X7, and P, without any assumptions
about the form eigenstates would take. What we would like
ta do is to derive a complete set of states |ah} which con-
form to the symmetry classification Trom the symmetrized
|ay and |b}.

A permutation operator acting on |ab} will permute the
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particles in [a} and |#} in an identical manner. Thus we can
write

-Vl =[/= Jru-r."r =~ -l(l-:rXHI- :..15}

Na={1/3[012) + (23] -+ (3 1
= (130120012}
+ fz}‘a.:(zj'}h + {3] ]rl I-.3| }ﬁ |~ tzﬁl':'

Xy={1/2[(123) + (132)]
= (201230, 01230 +(132),(132)],  (27)

P= PHP."- ™= {23)”{133.‘:. {23}

We are inlerested here in expressing symmetrized wave
lunctions |ab} in terms of symmetrized |ee) and &}, The
simplest way to attack this problem is to write the right-
hand sides of Egs. (25)-(28) in terms of the operators which
are dingonal in the symmetrized @ and b spaces and for
ather simple operators, ¥ of Eg. (23) and P ol Eq. (28) are
already in the desired form. The remaining problem is 1o
work out X5 and Xy For this purpose, we carry oul first the
following simple caleulations:

KXo = (130X + (2/3)140:(Xn) {29)
or cquivalently
KXo = (130X + (2/3) X0 X3, (29
and
XX = U/20X5 + XalXan) — (17204, (30}
ar

‘Y'.'uX{"r = {],-'IIE]X_"- + fl{ﬁ[fr’m"} S5 [.l-_-'lll}f\-rﬁ.l'h
Let us consider a state which is a product of an S state

in the a space with an & state in the b space;
= |a)slbls, {21}

and look at what the relations given in Eqgs. (29} and (30}
tell us about the wave function drof Eg. (31). Clearly,

(30

Xob= X =0 i=1,23, (32)
so that
(X o Xa W = (X3 X0 = o (33
miving
W= (173X + (23X (14)
= Xa¥
and

W= (120X 4 XX ) = (120X . (33)

Hence

X =, (36)
Also, from P of Bqg, (28],

=i, (27)

Thus we have cstablished that & = |as|b}s is an eigen-
state of X A5, Xq,und £, and that the wave function of Eqg.
(31)isan S state: |ab iy,

In u similar manner, we can use Eags, (293, (297, (30),
{30°). and (37) to show that the lollowing states fall into the
given symmetry classifications:
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lads|bys = lab)s,  |@)s]b)u = |ab)a

lats|big=lab)a latg|b)a= |ab)a
la)4|bds = |ab) 4, ladalb)o=lab)a
fablbde=lab).. |_51?A|~’~??,4 = |ab}s. (38)

However, when i is taken as the product of an o or
state in the @ space with an o or [ state in the b space, the
terms Xy and X appear in Egs. (29), (297), {30}, and
(30"} with zero coefficient. These cquations thus reduce to
the identilies from which no information can be obtained.
To handle these cases, we consider the operators which
simply change an « to a {3 state, and vice versa. For this
purpose, let us introduce the operator

R = (1/4/3)012) - (31, (39)

acting on |a), |bh or |ab) state, B has the following
properties:

X, Rl=10 i=1,273 {40)
PR =—RP; (41}

and
2= (2731 — X3l (42)

From Eq. (41}, we see that if a state |a} is an cigenstate of
P, then B, |a) will be an eigenstate of P, with an cigen-
vilue opposite Lo that of Ja ). Fram Eq. {40), we see that
Rala} will have the same eigenvalues under X, Xa,, and
Ny as |a}b. The logic is the same for the & space.

Let us first consider the action of B upon an 5 state:

P(R| )s)==R| )s {43)
and
XAR| )s)=R] )s i=1,23, {(44)

where | } can be |a), |k or jab). Thus 8| 5 will be an
cigenstate of Xy, X2 As, and Powith eigenvalues 1, [, 1, and
—1, respectively. From the arpument of Sec. 11,11 15 clear
that no such state can possibly exist. We conclude, there-
fore, that &| s =0, and from a similar argument, B ) 4
= {), This agrees with Eg. (42}, which lor § and A siates
reduces 1o £ = [

Mext, we tarn to the v and 5 states, £ will again change
the sign of the P eigenvaloes, while leaving the X'y, Xs, and
X1 eizenvalues unchanged, This means that

P{Rl :Ilr:I:_Rl }-:'rl {.45]
XiR| b)) =R| b XAR| VD=0, (46)
and

X3(R| V) == (1 2)R] }o. (47)
Thus B| }, will be a J state. Conversely, R operating ona
3 state will give an o state, Since X3 = =172 lor cand

states, we will have R =1, and
R V=1l (48)
e B (4

W can pick
| vje=R|)o and  R[)z=]|}, (50}
uniguely, given | 3,5 In terms of the & operatars acting on

the a and b spoces, we cun wrile X of Eq. (267 as
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& Xa=(1/2)P.Ps + RoRe. {51)

In order to derive a similar formula for X5, we introduce
the operator

RO=(1/3)72123) = (132)). (32)
Here again
[RI A ] =0 i=1.2,3, {53)
H'P=—PR (54)
As for 8 defined in Eqg. (39),
RR = —R'R=P"—X, (35)
Thus for any o state | b,
R(R'| Ya) = (P = X3)| )u (56)
Since R* = | from Eq. (42,
RE| Vo= RY (57}
Thus
R ba=R| }er (58)

From Eg. {55),
R’R1 }n:t = _l }l:t' {59']

Thus from Eqgs. (58) and {59), we derive, for | b, and | }5
obeying Eq. (50),

Rl ve=11a and B da=—] b (60)

In terms of the R operators acting on the @ and b spaces, we
can write X5 of Eqg. (27) as

Xy = {1/ N[AX X0 + 3RR] {61}

Lising the X1 and X: operators given in Egs. {51} and
{617, respectively, together with A and P of Egs. (25) and
{28), we can show that, with | hp= 8] ..

!ah:’.‘{= HH}:L“"}rr+ |”:'.d“1}-‘)']."f\-'f§.
lab), = [=|atalb) o+ ladalb)alv2,
labyg = [ladolbts+ |abalbialiv2,
fab)a= [=latalbla+ |atalbdal/v2.

These are indeed the formulas given by Fevnman e al* in
their Appendix.

As was pointed out in Refll 4, the symmetrized wave
functions given in Sec. 111 together with the combination
formulas given in Egs. (38) and (62) form the mathematical
basis for constructing Lhree-quark barvonic wave functlions
For spin, unitary spin, and harmonic oscillator excitations,
and for canstructing the total wave function by making
symmetrized combinations,

(62)

V., CONCLUDING REMARKS

Since 1930, Dirac’s book on quantum mechanics has
been serving its unigue role in teaching quantum mechanics,
[t 15 also well known that some of the sections of this original
book are somewhat too difficult for students aking Mrst-
year quantum mechanics. The teacher's job is of course Lo
remove or reduce this difficulty by working oul concrete
examples. The purpose of the present paper is to make a
direct physical application of Dirac’s method of con-
strucling symmelrized many-particle wave function spelled
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out in Secs. 35 and 56 of his classic book. The physical ap-
plication in this case is the quark model for baryons which
are belicved to be bound states of three quarks,

While carrying out this illustrative calculalion, we noted
that most of the formulas vsable in the quark model are
aleeady given in the paper by Feynman et af * While the
authors of Refl, 4 did not explain how they derived their
formulas, we paint out in the present paper that they are
derivable rom Secs. 53 an 36 of Dirac’s book.

Az was demonstrated by Feynman ef al * the formulas
discussed here enable us to understand Lthe quark model
withoul a formal education in the representations of the
SU(3) and SUCA) groups. In the fallowing paper,” we shall
use the mathematical resulls of Secs. 1 and 1V to construct
a theory of the guark model which can be included in the
(irst-year quantum mechanics curriculum.
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