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Abstract

We present a novel method of generation of Bell-type entangled states of
light and the vibrational motion of a single trapped ion. The trap itself is
supposed to be placed inside a high Q cavity sustaining a single mode quan-
tized electromagnetic field. Entangled light-motional states may be readily
generated if a conditional measurement of the ion’s internal electronic state
is made after an appropriate interaction time and a suitable preparation of
the initial state. We show that all four Bell states may be generated using
different motional sidebands (either blue or red), as well as adequate ionic
relative phases.

I. INTRODUCTION

The investigation of trapped ions manipulated by laser beams [1] is of importance not
only because of the fundamental physics involved, but also for their potential aplications,
such as precision spectroscopy [2] and quantum computation [3]. The laser fields couple the
(quantized) internal degrees of freedom in the ion with the (quantized) vibrational motion of
the ion’s center of mass, but they are themselves usually treated classically. The quantum-
mechanical treatment of the field would of course bring new possibilities. Within that realm,
it has been already investigated the influence of the field statistics on the ion dynamics [4,5],
as well as the transfer of coherence between the motional states and light [6]. There is also
much interest in the generation of non product, entangled states, and trapped ions seem to
constitute a suitable system for doing that [7]. What has been achieved so far is either the
entanglement between the internal degrees of freedom of a single ion (electronic states) with
the vibrational motion states of the ion itself, or the entanglement between states of several
ions [7,8]. Nevertheless, there are few discussions about possibilities of entanglement between
the quantized field and the vibrational motion of the ion. This might be of special interest
in quantum information; an entangled state of a subsystem storing quantum information
(vibrational motion) with a subsystem that can be used to propagate quantum information
(light). As another example of entanglement between matter and light, we may cite, a
recently reported scheme for entangling light with atoms in a Bose-Einstein condensate [9].



In this contribution we present a simple scheme through which there could be produced
entanglement between the (center of mass) vibrational motion of a single trapped ion and
the electromagnetic field. We show that it is possible to generate the whole Bell state basis
simply by choosing either the blue or the red sideband, and different relative phases between
ionic states.

II. MODEL AND SOLUTION

We consider a single trapped ion, within a Paul trap, which is by its turn placed inside a
high finesse resonator [10], so that the cavity mode couples to the internal electronic states
of the ion as well as to the vibrational degrees of freedom, as it has been already discussed
in [5]. The hamiltonian corresponding to such a system may be written as

H = hwata + hwbb + h%az + hg(oy + o_) (b + b)sinn(a’ + a). (1)

Here af(a) denote the creation (annihilation) operators of the center-of-mass vibrational
motion of the ion (frequency v), bf(b) are the creation (annihilation) operators of photons in
the field mode (frequency w), wy is the ionic vibration frequency, ¢ is the ion-field coupling
constant, and n = 2mag/\ is the Lamb-Dicke parameter, being ay the amplitude of the
harmonic motion and A the wavelength of light. In the Lamb-Dicke regime, i.e., if the
ion is confined in a region much smaller than light’s wavelenght (n < 1), we may write
sinn(al 4+ a) ~ n(a’ + a). This is of course a convenient way of linearizing the hamiltonian,
although another approach, based on a unitary transformation of the hamiltonian and which
avoids the application of Lamb-Dicke approximation from the beginning, is also possible [11].
If we tune the light field to the first red sideband, i.e., § = wy — w = v, we obtain, after
discarding the rapidly oscillating terms, the following hamiltonian in the interaction picture:

HY = nhg(o_a'd' + o, ab). (2)

Such a hamiltonian describes the simultaneous process of creation (annihilation) of one
quanta of vibrational motion, one quanta of the field, while the atom has its internal energy
decreased (increased). The corresponding evolution operator U (t) = exp(—iH7t/h) will be,
in the atomic basis

U (t) = Cuyale)(el + Culg)(g| — iSnsrable) (g] — iSni1a'b |g) (el (3)
where
st = cos (ng\/(&T& +1) (b +1) t) , (4)
C, = cos (ng\/ ata bth t> , (5)
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We may now consider that the ion’s motion is initially cooled down to the vacuum state
|0), and the cavity field is also in the vacuum state |0) ; and the ion’s internal levels prepared
in a coherent superposition of two energy eigenstates |p) = cosf|e) + e?sinf|g) . In this
case, for an interaction time ¢, = 7(4k + 1)/2ng (k = 0,1,2,...) and for equally weigthed
ionic states (6 = w/4), after measuring (via fluorescence) the ion in its internal state |g), the
resulting vibration-light field state becomes
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which is a Bell-type state, or an entangled state comprising both the subsystems ion and
cavity field.
There is also the possibility of tuning the light field to the first blue sideband, or § = —v.
The corresponding interaction hamiltonian will then read

HY = nhg(o_a'b+ o abh). (8)

In this case, while the ion has its internal energy decreased, a quanta of its vibrational
motion is created and a photon is annihilated. We may follow a similar procedure as we
have done for the first red sideband, and find out what type of entangled states may be
generated under such cirscumstances. The evolution operator will be

U*(t) = Cryale)(el + Crlg) (gl — iSyba'le) (g| — ibTasSy|g) (el, (9)
where
Ch .\ = cos (ng (bth + 1)ata t) : (10)
C! = cos (ng\/m(fﬂd +1) t) : (11)
and
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We may prepare the initial state with m = 0 (field in the vacuum state) and n = 1 (ion
vibrational motion in the first excited state) and again equally weigthed ionic states (0 =
7w/4) . For an interaction time ¢; (the same as to the red sideband case) and after having
detected the ion in the internal state |g), the resulting state will be
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which is also a Bell-type state involving the quantized cavity field as well as the ion’s
vibrational motion. In fact, by taking ¢ = £7/2 in equations (7) and (13), we are able
to obtain the four states forming the Bell state basis

1

) = =5 (01100, % 1)711),). (14)
and
)4 = —= (1011}, £ [1)7]0),) (15)

2

S

III. CONCLUSION

In summary, we have proposed a scheme for the generation of entangled states of two
coupled harmonic oscillators, the ionic vibrational motion and a cavity field. We have shown
that it is possible to generate Bell-type states having rather simple initial state preparation,
e.g., the vacuum state for both cavity field and the ion motion.

ACKNOWLEDGMENTS

This work is partially supported by CNPq (Conselho Nacional para o Desenvolvimento
Cientifico e Tecnolégico), and FAPESP (Fundacao de Amparo & Pesquisa do Estado de Sao
Paulo), Brazil, and it is linked to the Optics and Photonics Research Center (FAPESP).



REFERENCES

[1] D.J. Wineland, C. Monroe, W.M Itano, D. Leibfried, B.E. King, and D.M. Meekhof,
NIST J. Res. 103, 259 (1998).
(2] D.J. Wineland, J.J. Bollinger, W.M Itano, F.L. Moore, and D.J. Heinzen, Phys. Rev.
A 46, R6797 (1992).
[3] J.I. Cirac and P. Zoller, Phys. Rev. Lett. 74, 4091 (1995).
[4] H. Zeng and F. Lin, Phys. Rev. A 50, R3589 (1994).
[5] V. Buzek, G. Drobny, M.S. Kim, G. Adam, and P.L. Knight, Phys. Rev. A 56, 2352
(1998).
(6] A.S. Parkins and H.J. Kimble, J. Opt. B: Quantum Semiclass Opt. 1, 496 (1999); A.S.
Parkins and E. Larsabal, Phys. Rev. A 63, 012304 (2000).
[7] C.A. Sackett, D. Kielpinski, B.E. King, C. Langer, V. Meyer, C.J. Myatt, M. Rowe,
Q.A. Turchette, W.M. Itano, D.J. Wineland, and I.C. Monroe, Nature 404, 256 (2000).
[8] E. Solano, R.L. de Matos Filho, and N. Zagury, Phys. Rev. A 59, R2539 (1999).
9] M.G. Moore and P. Meystre, Phys. Rev. Lett. 85, 5013 (2000).
[10] See, for instance http://heart-c704.uibk.ac.at/cavity_qed.html.
[11] H. Moya-Cessa, A. Vidiella-Barranco, J.A. Roversi, Dagoberto da S. Freitas, and S.M.
Dutra, Phys. Rev. A 59, 2518 (1999); H. Moya-Cessa, A. Vidiella-Barranco, J.A.
Roversi, and S.M. Dutra, J. Opt. B: Quantum Semiclass Opt. 2, 21 (2000).



