Representations of the Poincaré group for relativistic

extended hadrons
¥, 5. Kim

Conrer fiur Theoretival Physics, Daparrment of Physics and dstronomy, Universiog of Marpland, College

Park, Ma ritaned 20742

Marilyn E. Noz

Beparrement of Radinlory, New York Unioersity, New York, New Yoek 10016

S H. OR

L:a.lmmmr;u off Nuclear Science and Departenent of Physies, Massachusents fnssituee of Techaologw,

Canthridge, Massaehusens 02439

(Received 7 June 1978; revised manuseript received 23 Oclober 1978)

Representations of the Poincird group are constrocted from the relativistic harmaonic oseillator wave

Fumctions which have been cffective in describing the physics of internal quark motions in the relativistic
quark model. These wave functions are solutions of the Locentz-invariant harmonic oscillator differential
equation in the “cyhndrical” eoordinate system moving with the hadronie velosily in which the time-
separaion viriable i treated separately. This resull enables us Lo asserl that the hadronie miss spectrum

i generated by the internal quark level excitation, and that the hudeonic spin is due 1o the internal
arbitul angular mementum, An addendum relegated to PAPS contains discussions of detailed caleulational
aspeets of the Lorentz transformation, and of solutions of the cscillator equation which are diagonal in the
Casimit operators of the homogeneous Loreatz group. 1t s shown there Uinl the representation of (he
homegeneous Lorentz group consists of solulions of the oscillator pactiol differential equation i

“spherical™ coordinate system oo which the Lovenle-invariant Minkowskian distanice between the

constituent quarks is the radial variable,

. INTRODUCTION

In building medels of relativistic extended hadrons, we
have to keep in mind the fundamental fact that the overall
space-time symmetry structure is that of the Poincaré
graup.' In our previous papers on physical applications of
the relativistic harmonie oscillator,® our primary purpose
was to devise a caleulational scheme for explaining experi-
mental observations. As was pointed out by Biedenharn e
al,,’ the gquestion of the Poincaré symmetry has not heen
systematically discussed.

The purpose of the present paper is to address this sym-
metry problem. We are considering a model hadron consist-
ing of twa spinless quarks bound together by a harmonic
oscillator potential, Tn this case, we are led to consider the
center-of-mass coordinate which specifies the space—time lo-
cation of the hadron, and the relative coordinate which
specifies the internal space-time separation between the
guarks.

Both the hadronic and internal coordinates are subject
to Poincaré transformations consisting of translations and
Lorentz transformations, The hadronic coordinate under-
goes Poincare transformation in the usual manner. Howey-
er, the internal coordinate is invariant ender translations.
This coordinate should, nonetheless, satisfy the Poincaré
symmelry asa whole. We discuss in this paper the role of this
internal coordinate, and show that internal excitations gen-
erate the hadrodic mass spectrum, and that the internal an-
gular momentum corresponds to the spin of the hadran.

In Sec. I, we formulate the problem using a model ha-
dron consisting of two spinless quarks bound together by a
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harmonic oscillator potential of unit strength, and then dis-
cuss the generators of the Poinearé group applicable to the
entire system. In Sec. ITI, we present the oscillator wave
functions which are diagonal in the invariant Casimir opera-
tors of the Poincaré group,

. FORMULATION OF THE PROBLEM

In our previous papers on physical applications of the
relativistic harmonic oscillators, we started with the follow-
ing Lorentz-invariant differential equation;

1200 405 - l—lﬁ{x, X P 4 md|dix,x) =0, (1)

where x, and x, are the space-time coordinates for the two
spinless quarks bound together by a harmonic oscillator po-
tential with unit spring constant. In order to simplify the
above equation, let us define new coordinate variahles

X=40n 4 x0 x=/2V2)x, — x) ()

The X coordinate represents the space—lime specification of
the hadron as a whole, while the x variable measures the
relative space—time separation between the quarks, In terms
of these variables, Eq. (1) can be written as

a4 | o
[ax g T( i, _x”:)]ﬂh)xu' =
i M

The above equation is separable in the X and x variables,
Thus we write

t (X,x) = f (X J(x), (4)
where [{X ) and ¢¥(x) satisfy the following differential equa-
tions respectively:
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e ; an
[ r—jl-j(? -— My 4 (/l T H]f{j } =0, (3)
1 i ; - :
. (ﬂ«*,.‘ — % );.f.r(.ﬂ = (A + I3, (6)

The differential equation of Eq. (5} s a Klein—-Gordon equa-
tion, and its solutions are well known. f{X ) takes the form

JiX ) =expl & ipX ) (7}
with
=i A+ 1 (8)

where p is the 4-momentum of the hadron. p*1s, of course,
the mass of the hadron and is numerically constrained to
Lake the values allowed by Eq. (8). The separation constant 4
is determined from the solutions of the harmonic oscillator
differential equation of Lq. (6). The physical solutions of the
ascillator equation satisfy the subsidiary condition

plal(x) =0, ©)
where
u; =X i
L a-x_ll

The physics of this subsidiary condition has been extensively
discussed in the literature.™

The space—time transtormation of the tofal wave fune-
tion of Eq. (4} is generated by the [ollowing ten generalors af
the Poincaré group. The operalors

. d
P =i— (100
generate space—time translations., Lorentz rransformations,
which include boosts and rotations, are generated by
M,=L,.+L (1)

where
e 2
ax! ax

, ot d
Lm;r(xrr— — Xy —
dx’ '

The translation operators P act only on the hadronic
coordinate, and do not affect the internal coordinate. The
operators £ | and L, 1 arentz-transform the hadronic and
internal coordinates respectively. The above ten generators
satisfy the cammutation relations for the Poincaré group,

*

In order to consider irreducible representations of the
Poincaré group, we have to construct wave funct ioms which
are diagonal in the invariant Casimir eperators ol the group,
which commute with all the penerators of Eqs. (10 and (11).
The Cusimir operators in this case are

pUpand  WHW (123
where
i AR il
H.II - 'E,nur_l'.:'F M

Theeigenvalues of the above 2 and W 7 represent respective-
lv the mass and spin of the hadron.
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Ill. PHYSICAL WAVE FUNCTIONS AND
REPRESENTATIONS OF THE POINCARE
GROUP

In constructing wave funetions diagonal in the Casimir
aperators of the Poincaré group, we note first that the opera-
tor which acts on the wave function in the subsidiary condi-
tion of Eq, (9) commutes with these invariant operators:

[P? pla) ) =0, (13)

[ W2 plag] = 0. (14)
Therefore, the wave functions satisfying the condition of Eq.
{9} can be diagonal in the Casimir operators,

In order to obiain the solutions explicitly, lel us assume
without loss of generality that the hadron moves along the z
direction with the velocity parameter §, Then we are led to
consider the Lorentz frame where the hadron is at rest. and
the coordinate variables are given by

= V=¥

' =(z— Bt )1 — 8", (13}

1= (t — fiz2)/ (1 — B2
The Larentz-invariant oscillator equation of Eq. (6) is sep-
arahle in the abave variables. In lerms of these primed varia-
bles, we can construct a complete set of wave functions

() = 000 0 0 L2000, (16}
where

)= OV w o) L expl - 22D,

Fy =V w25 P H Y expl — 17/2),

Ifthe excitation numbers, ...,k are allowed to tuke all possi-
ble nonnegative integer values, the solutions in Eg, {16) form
a complete sel, However, the eigenvilues A takes the form

A=b4s+n—~k (17
Beeause the cocllicient of & is negative in the above expres-
sion, 4 has no lower bound, and there is an infinile degener-
acy for a given value of A,

In terms of the primed coordinates, the subsidiary con-
dition of Eq. (%) takes the simple form
d :
A Jthglx) = 0. (18]
ft
This limits £, (¢ '} to (1 ) and the cigenvalue 4 becomes

A=bts+mn (19
The physical wave [unections satisfying the subsidiary condi-
tion of Eq. (93 or ( 18) have nonnegative values of 4.

As far as the 37, ', 2" eoordinates are concerned, they
farm an orthogonal Euclidean space, and £ (xD000 0020
farm a complete set in this three-dimensional space. The
Hermite polynomials in these Cartesian wave functions can
then be combined 1o form the cigenfunctions of B which, in
terms of the primed coordinate variables, takes the form

W= MALY, 20)

where

Kirn, Moz, and On 1342



ELLIPTIC

LG, | Elkptic ancd hyper-
barhic Jocahzanions i space
time, The wave lunctions m
p the present paper une ellipti-
cally lecalized, and underpe
Lorents deformation as e
Iadran moves. The Lorents
invarkant form kg R T

HYPERBOLIC |+

*\ _/_7

wihich we are wecustemed, s
hyperholically toculimed, and
14 hasieally different from the
farm psed i the prasem

pisger

'\\

L= — ."E,._r-_:_-r.; ot

)
and M is the hadronic mass.

The physical wave functions now take the form

W) = (L7 fexp( — + R ()Y, (078, (21)
where #, ', ¢ ' are the radial and spherical variables in the
three-dimensional space spanned by x', ', 2" B (#"11s the
normilized radial wave function for the three-dimensional
isatrapic harmonic oscillator, and its form is well known,
The above wave funclion is diagonal in B for which the
eigenvalue is /(! + 108 %, and f represents the total spin of the
hadron in the present case, The quantum number m corre-
sponds to the helicity,

Since the eigenvalue pf of the Casimir operalor #° is
constrained to take the numerical values allowed v Eq. (8),
the hadronic mass is given by

Mi=mi 44+ 1), (22)

I we relax the subsidiary condition of Eq. (18), we in-
deed oblain o complete set. In this ease, 4 of Eq. (17) can
become negative for sufficiently large values of &, Far 4 =0,
the solutions become

gt = [V 2901 Rl () exp( — 1))

R, Y, 840 {23
For A <, the solutions take the form

15_._.',_.,,!.-{‘{] o ['\g”?l(ﬂ. il |{A: g }.’] . |r2Hi L {I, -"}

>§ [CI]‘.I{ s, !J!.}J R.ﬂ:,!{r}}}’hﬂ(ﬂlﬁd& J}' {2;"::'

The eigenvalues of PP and W2 are again mi.! + {4 + 1) and
8+ 1M respectively, In both of the above cases, & is al-
lowed to take all possible integer values.
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The functicnal Torms of Eqs. (237 and (24) are relatively
simple, and they suggest that this representation of the Poin-
caré group corresponds 1o the solution of the Lorentz-invar-
iant oscillator differential equation in a “eylindrical™ coordi-
nate system moving with the hadronic velocity where the ¢
variable is treated separately, We are then led to the question
of why this fact was not known,

Even though the above representations take simple
forms, the wave functions contain the following nonconven-
tional features. The first point to note is thal they are written
as funclions af the x*, ', 2, ¢ variables. The transverse varia-
hles x*, 3" are simply x and y respectively, However, 2’ and r*
are linear combinations of z and ¢, Because the physical
meaning of the ime-separation variable was not clearly un-
derstoed, the f dependence discournged us in the past from
using it explicitly in representation theory. The explicil use
of this variable in the present paper is based on the progress
that has been made in our physical understanding of this
time-separation variable in terms of measurable quantities,
and in terms of the relativistic wave functions carrying a
covariant probability interpretation.’

Another factor which used to discourage the use of the ¢
viriable was that we are accustomed to its appearance
through the form

J:“J.'“ =} f': {25}

where

el T L

In terms of this form, it is very inconvenient, if not impaossi-
ble, to deseribe functions which are localized in a finite
space—lime region.

In contrast 1o the above hyperbolic case, the wave func-
tions which we constructed in this paper are well localized
within the region

(2t 4+ 1) <2, (26)
due to the Gaussian faclor appearing in the wave functions,
This elliptic form was obtained from the covariant
EXPression

—.x“ ik Arp MY =Bt e (27)
The x* Elt]d_v variables have been omitted in Bg. (26) because

they are trivial. In terms of z and ¢, the above inequality takes
the form

1'4,-5"f+ £y :_E[z—!]’]{l. (28)
We are therefore dealing with the function localized within
an elliptic region defined by this inequality, and can control
the ¢ variable in the same manner as we do in the case of the
spatial variables appearing in nonrelativistic quantum me-

chanies. This localization property together with the hyper-
bolic case is illustrated in Fig. 1.

IV. CONCLUDING REMARKS

We have shown in this paper that the wave functions
used in our previous papers are diagonal in the Casimir oper-
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ators of the Peincaré group, which specify covariantly the
mass and total spin of the hadron. These wave functions are
well localized in a space—time region, and undergoes elliptic
Lorentz deformation,

An addendum to this paper containing a discussion of
Lorentz transformation of the physical wave lunction and a
construction of the representation of the homogeneous Lo-
rentz group is relegated to PAPS® It is shown there thal
solutions of the oscillator cquation diagonal in the Casimir
operatars of the homogeneous Lorentz group are localized
within the Lorentz-invariant hyperbolic region illustrated in
Fig. 1.
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